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Abstract. In a handwritten manuscript published with his lost notebook, Ramanujan stated with- 
out proofs forty identities for the Rogers— Ramanujan functions. We observe that the function that 
appears in Ramanujan's identities can be obtained from a Hecke action on a certain family of eta 
products. We establish further Hecke-type relations for these functions involving binary quadratic 
forms. Our observations enable us to find new identities for the Rogers-Ramanujan functions and 
also to use such identities in return to find identities involving binary quadratic forms. 



1. Introduction 
The Rogers-Ramanujan functions are defined for \q\ < 1 by 

°° °o n{n+l) 

where (a; q)o :— 1 and, for n > 1, 

n-l 
fe=0 

These functions satisfy the famous Rogers-Ramanujan identities [11] 
(1-1) - — -^-4-7-^ and Hiq) = ^ 



(g; 9^)oo(g^; '?^)oo (g^; q^)ooiq^;q^)oo ' 

where 

{a;q)oc-= hm(a;g)„, |g| < 1- 

n— )-oo 

In a handwritten manuscript pubhshed with his lost notebook [10], Ramanujan stated without 
proofs forty identities for the Rogers-Ramanujan functions. These identities were estabhshed in a 
series of papers by L. J. Rogers [12] in 1921, G. N. Watson [13] in 1933, D. Bressoud [6] in 1977, 
A. J. F. Biagioh [5] in 1989, and by the second author [14] in 2012. A detailed history of Ramanujan's 
forty identities can be found in [4] . 

Ramanujan's identities mainly involve the function 



U{r,s,q) := U{r,s) = 



' G{q'')G{q') + q'^'+'''^''^H{q'")H{q^) if s + r EE (mod 5), 
H{q')G{q')~q''''-'''^/'^G{q'')H{q'') if s - r = (mod 5). 



The modular properties of the function U{r,s) were first established by Biagioli [5]. M. Koike [9] 
observed that for certain values of r and s the function C/(r, s) could be written in terms of Thompson 
series. His observations were later proved by K. Bringmann and H. Swisher [7] by using the theory of 
modular forms. However, it was not realized that this function occurs naturally as a Hecke action on 
eta products, as given by the following theorem. 
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Theorem 1.1. Let r and s be two positive integers with r + s = (mod 24). 
Ifr + s = (mod 5), then 

(1.2) nivirrUsT)) = ri{rT)ri{sT) (^q-^^+'y^°U{r, s))' , 
and if r — s = (mod 5), then 

(1.3) nirtirrUsT)) = -r,{rT)r,{sT) (g("'-'*)/6°C/(r, s))' , 

where in either case r]{T) := XlJ^L-oo(~-'-)"9^^"~"^^^^^^ '^^^^ 1 ~ exp(27rzr) and Imr > 0. 

Here and later in this manuscript, for any function to which we apply the Hecke action with prime 
5 we have the reduction formula 

(oo \ oo 

^ a(n)g" = ^ (a(5n) + a(n/5)) g", 
n=0 / n=0 

where we employ the convention that a{k) = whenever k is not an integer. We will also make use 
of the notation 

(oo \ oo 

5^a(n)g" :=5^a(5n)g". 
n=0 / n=0 

During our investigations, we also observed the following two theorems, where (p(g) := J2^^_^ g"^. 
Theorem 1.2. Ifr + s = (mod 5), then the following two identities hold: 

(1.4) 2<p{q^Mq^) + ^{^{q-Mq^)) = AE{q'''^)E{q^^)U{r, s)U{Ar, As) 

(1.5) 2^{q-Mq^) - n{^{q-)^{q^)) = Aq^E{q''^)E{q^^)U{r,As)U{Ar,s). 

Theorem 1.3. Ifr — s = (mod 5), then the following two identities hold: 

2^{q^Mq^)+n{ip{q-Mqn) = AE{q'''^)E{q''^)U{r,As)U{sAr), 
Mllfian - n{<fi{q^Mq^)) = Aq^E{q^^)E{q^^)U{r,s)U{Ar,As). 

Let (a, b, c) denote the positive definite quadratic form an^ + bnm + cn^ with discriminant D = 

— Aac < 0. For simplicity, we will not distinguish the quadratic form (a, 6, c) and its generating 
function J2nm=-oo . It is well known that a Hecke action on a binary quadratic form of 

a given discriminant can be written as a linear combination of the quadratic forms of this discriminant 
[8, p. 794]. In applications of Theorem 1.1, we first express the eta product as a linear combination of 
the relevant quadratic forms. In this format. Theorems 1.2-1.3 are easier to apply. These theorems 
enable us to find new identities for the Roger s-Ramanuj an functions and also to use such identities 
in return to find identities involving binary quadratic forms. Among the many such results presented 
in this paper we give two examples (see (4.24) and (4.7)): letting x(g) := (— g;g^)oo, they are 

2gC/(l, 71, g2) = -2q' + x(g)x(g'') - xi-q)x{W) - 2g" ^ 



and 



x(-«2)x(-«"2) 

(1, 1, 10) + (2, 1, 5) - (1, 0, 39) - (5, 2, 8) ^{-q'^M-q^'') 



(3, 0, 13) + (2, 1, 5) - (3, 3, 4) - (5, 2, 8) <^(-g2)<^(-g78) ' 

Wc proceed by collecting the necessary definitions and formulas in the next section. In Section 3, 
we give proofs of Theorems 1.1-1.3. In Section 4, we present several applications. We conclude in the 
last section with a brief description of the prospects for future work. 
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2. Definitions and Preliminary Results 

We first recall Ramanujan's definitions for a general theta function and some of its important 
special cases. Set 

oo 

(2.1) f{a,b):= ^ an(n+l)/2^„(n-l)/2^ |a6| < 1. 



n— — oo 



The function f{a,b) satisfies the well-known Jacobi triple product identity [2, p. 35, Entry 19] 

(2.2) /(a, b) = {-a; ab)oo{-b; ab)ao{ab; ab)oo- 
The three most important special cases of (2.1) are 

oo 

(2.3) ^{q)--=fiq,q)= E = 9')oo, 

n= — oo 

.2. ^2^ 



^ f 2 2\ 

V(«):=/(«,g^) = E«"^"^'^^' = T:4T ' 

\Qi Q jo 



oo 



n=0 

and 



(2.4) Eiq) := f{-q, -q^) = £ (-l)"5"(3"-i)/2 = (g. = q-'/^^r). 



n— — oc 



UrL-\-r ^n~r 
Ur ' Ur 



The product representations in (2.3)-(2.4) are special cases of (2.2). The function /(a, 6) also satisfies 
a useful addition formula. For each integer n, let 

Un ■= a"("+i)/2?,"("-i)/2 and K := aJ'{n-^^/%n(n+l)/2 _ 

Then [2, p. 48, Entry 31] 

n-l 

(2.5) f(U^,V^) = Y,Urf 

r=0 

With a = b = q and n = 2, we find from (2.5) that 

(2.6) ipiq)=ipiq^)+2qi;{q^). 
Similarly, with a = q, b = q^, and n = 2, we find that 

(2.7) V'(9) = /(9^9'°)+9/(9^9")• 

By (1.1) and (2.2), we see that 

A useful consequence of (2.8) in conjunction with the Jacobi triple product identity (2.2) is 
(2.9) Giq)Hiq) = 

The odd-even dissections of G and H were given by Watson [13]: 

G{q) = ^{Giq"') + qHi-q^)), 

m = ^^{'l'Hiq^') + G{-q')). 
Recall that the general theta function / is defined by (2.1). For convenience, we also define 



/fe(a,6) := 



f{a,b) iffc = (mod 2), 
f{-a,-b) iik = l (mod 2). 
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Let m be an integer and let a, 13, p, and A be positive integers such that 

aw? + 13 = pX. 

Let S and e be integers, and let t and I be reals. With the parameters defined this way, we set 

p-i 

R{e,6,l,t,a,P,m,p,X):= ^ (^^_iyk^{\n'+paf+2anml}/S 

fe=0 

12 n~2k+t 

j^^(^q{l+l)pa/2+anm/2^q{l-l)pa/2-anm/2^ 

Then, by [15, Th. 1] with x = y = 1 and q replaced by g^^^, we have 

oo 

(2.12) R{e,d,l,t,a,0,m,p,X)= Yl 

u,v— — oo 

where U ■.= 2u + t and V ■.= 2v + 1. Prom this representation it follows that [15, Cor. 3.2] 

(2.13) R{e,S,l,t,a, I3,m,p, X) = R{5,e,t,l,l,aj3,am,X,pa). 
Moreover, we have the following lemma. 

Lemma 2.1. [15, Cor. 3.3] Let a\, [3i, mi, pi be another set of parameters such that aimf +/3i = piX, 
aj3 = 0Lij3i, and X \ {am — aim\). Set 

am — aimi 
a:= . 

Then, 

(2.14) i?(e, S,l,t, a, (3, m,p, A) = R{e, 5 + ae,l,t + al,ai, (3i,mi,pi, X). 
From (2.12) we then conclude that 

(2.15) (a, 6, c) = R{0, 0, 0, 0, 1, ~D, b, 2c, 2a). 

3. Hecke-Type Relations 

In this section wc presents proofs of Theorems 1.1-1.3. 

Proof of Theorem 1.1. The proofs of (1.2) and (1.3) are essentially same, so we will only prove 
(1.2). For simplicity we set Q := ■ We start with the well-known 5-dissection of E{q) as found in 
[2, p. 81, Entry 38(iv)]: 

(3.1) E{q)E{Q) = f{-Q\ -Q^) - q'f{-Q, -Q^) - qE{Q)E{Q% 
Using (2.8), we can write (3.1) in its equivalent form 

(3.2) ||).o»(g)-,^„^(«-,||>. 

From (3.2), we find that 

E{qnE{q^) _ ( ^2^Qr^ _ ^2rH2^^Qr) _ ^rE^\ f^,^^,^ _ ^.^^.^^^^ _ ^,E{Q^^) 



E{Q-)E{Q-) \ ' J H ^^Q,^ J H J H ^^Q,^ J , 

from which we deduce that 

U,{E{qnE{qp) ^ cr2(g'^)G2(^^) + q^(^+^y'H'{q^)H'{q^) + q(r+^)/^^^D^^ 
E{q')E{q^) ' ^'^ ' ^ ' ^'^ ' ^ E{q')E{q^) 

= U{r, sf - 2q(^+^y'G{qnG{qnH{q^)H{q^) + q(r+s)/^^^^^ 

2 _fr+s)/5 EmEm 



= U{r,sy-q 



E{qr)E{q^) 
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where in the last step we used (2.9). Therefore, we have that 

(3.3) Ur,{E{q-)E{q')) + q^-+'y^E{Q^)E{Q') = E{q')E{q')U{r, sf . 

Finally, we multiply both sides of (3.3) by and use the fact that r/(r) = q^/'^^E{q) to arrive 

at 

U^{ri{rT)ri{sT)) + r]{5rT)r]{5sT) = ri{rT)ri{sT) 
which is clearly equivalent to (1.2). □ 

Proof of Theorems 1.2 and 1.3. The proofs of the Theorems 1.2 and 1.3 are identical, so we will 
only prove Theorem 1.2. For convenience, we again set Q :— . By (2.5), with a = b = q and n = 5, 
and by (2.3), we get 

(3.4) <p{q) = ^{Q^) + 2qf{Q\ Q') + 2q^f{Q, Q^). 
From (2.2), with simple product manipulations we find that 

(3.5) A{q) := f{q\ q') = E{q^)H{q)G{q') and B{q) := f{q, q^) = E{q^)G{q)H{q'). 
We have from (3.4) and (3.5) that 

(3.6) viq'-Mqn - (^(Q"") + 'iqAiQn + 2g^i?(Q^)) {^{Q'n + 2qA{Q^) + 2q^B{Q^)) . 
From (3.6), together with the fact that r + s = (mod 5), we conclude that 

(3.7) C/5 Mq^Viq^) = viQl^m + 4g('-+^)/'^A(q'-)A(q^) + 4q4('-+^)/5iJ(g'-)B(g^). 

The following two identities of Ramanujan [4, Entries 2 and 3] will be employed in our proofs: 

(3.8) G(g)G(g4) + qH{q)H{q'') = 
and 

(3.9) G{q)Giq') - qH{q)H{q^) = 

From (3.5), we have 

Aq^-+^)/^A{q'-)A{q') + 4q^^''+'^/'' B{q'')B{q') 

= m.q^lE{q^") (g*''+"^/-^ff(<z")G(g^'^)iJ(g^)G(g4^) 

+g4('"+^)/5G((?")i/(g4'')G(g^)ir(g4-^) 
= 4£(g2'-)£(g2«) (G{q'')G{q') + q^''+'^/^ H{q'-)H{q')^ 

^^'^^^ X (G(9^'')G(g**) + g^(''+«)/5fl'(g^'')fl'(g^«)) - AE{q''-')E{q^') 

X {G{q^)G{q')G{q'^)G{q''') + q^+' H{q^)H{q')H{q''^)H{q''')) 
= AE{q^-)E{q^^)U{r, s)U{Ar, As) - {ip{q^) + ^{Q^)) {^{q^) + ^{Q^)) 

= AE{q^')E{q^^)U{r, s)U{Ar, As) - 2 {^{q^viql + viQl^iQ^) , 

where in the next to last step we use (3.8) and (3.9). We now return to (3.7) and use (3.10) to find 

that 

Mqlfiqn + Ub i'Piql'Piqn) + fiQlfiQn = AE{q^^)E{q^^)U{r,s)U{Ar,As), 
which is clearly equivalent to (1.4). 

While we can prove (1.5) exactly the same way we proved (1.4) by simply grouping terms differently 
in (3.10), we can also give a direct proof by showing that 

(3.11) Viql^iqn = E{q^-^)E{q^^) {U{r, s)[/(4r, 4s) + q^U{r, 4s)[/(4r, s)) . 
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To prove (3.11), we consider the system of equations 

U{r, s) = G{q^)G{q') + q^''+'^/^H{q^)H{q'), 
U{r,As) = -q^^'-'-^I^G{q'-)H{q^') + H{q^)G{q'^'), 

= Giq^Giq'n + q'^H{q^)H{q^^), 

where the last equation is simply (3.8). It follows that 

C/(r,s) G{q^) (g" 

U{r,4s) -g(4«-'-)/5iJ(g4s) Q^q4s-^ 



By expanding this determinant we discover that 



q-Hiq'^ 



0. 



= U{r, s) (-q^'^+''^'^H{q^')H{q^'") - G{q^^')G{q^') 
- U{r,As) ((fG{q'')H{q^'^) - q'^^'+'^Z^ H{q'')H{q^'-)^ 



+ 



Eiq^n 



{G{qnG{q^n + q^H{q^)H{q^^)) 



= -U{r, s)t/(4r, 4s) - q''U{r, 4s)t/(4r, s) 



E{q^^)E{q^'y 



which is (1.5). 



□ 



4. Applications 

The first set of identities we will prove involves the quadratic forms (1, 1, 10), (2, 1, 5). and (3, 3, 4) 
of discriminant —39 and the quadratic forms (1,0,39), (3,0,13), and (5,2,8) of discriminant —156. 
Prom (2.14), we observe that i?(0, 0,0,0, 1,39, 1,4, 10) = i?(0,0, 0,0, 3, 13, -3,4, 10). By (2.15), we 
also have (2,1,5) = (5,1,2) = i?(0, 0, 0, 0, 1, 39, 1, 4, 10). For simplicity we now set Q := q^^. Prom 
(2.11), we find that 

R{0, 0, 0, 0, 1, 39, 1, 4, 10) = f{q', q')f{Q^ Q") + 2q^f (rj, q^).f{Q\ Q') + q^"f{l, q^)f{l, Q'^) 

= ^{q^MQ") + 2q'i;{q)i^{Q') + 4q^°ij{q^)i;{Q'^). 

Similarly, 

R{0, 0, 0, 0, 3, 13, -3, 4, 10) = f{q\q')f{Q', Q') + 2q^f{q\ q^)f{Q, Q'^) + q'f{l, q'^)f{l, Q*) 

= v{q^MQ^) + 2gV(9')V'(Q) + 4gV(5'')V'(Q')- 

Hence, we conclude that 

(2, 1, 5) = ^{q^MQ"") + 2gV(?)V'(Q') + Aq^^'i^iq'mQ^^) 
= 'piq^MQ^) + 2gV(9')V'(Q) +49V(9'')V'(Q')- 
By similar considerations one can also obtain 

(4.2) (1, 1, 10) - ^(g)^(Q3) + 4<ziV(g2)V,(Q6), 

(3, 3, 4) = ^{q^)^{Q) + 4gV(9')V'(0'), 

and 

(5, 2, 8) = ^{q^^MQ^) + 29V(9^')V(Q') + 4g32^(g48)^(Qi6) 
+ 2gV(9^ 9'')/(Q^ Q'') + 2q''f{q'^ q'°)f{Q\ Q'') 

= ^{q^MQ^^) + 2920^(g4)^(gl2) ^4^80^(gl6^^(Q48^ 

+ 2gV(Q'^ Q'°)/(?^ 5^°) + 2g^V(Q^ Q'')f{q', ?")• 



(4.1) 



(4.3) 
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Theorem 4.1. The following four facts are true (with Q := q^^): 

(4.4) 2q^E{q^)E{Q^)U{l, 39)C/(1, 39, -q) = (1, 1, 10) + (2, 1, 5) - (1, 0, 39) - (5, 2, 8), 

(4.5) 2q^E{q^)E{Q^)U{3, 13)C/(3, 13, -q) = (3, 0, 13) + (2, 1, 5) - (3, 3, 4) - (5, 2, 8), 

(3, 0,13) -(5, 2, 8) _ 3 V,(-g)^(-Q3) 
(1,0, 39) + (5, 2, 8) %(-g3)^(_Q)' 

(1, 1, 10) + (2, 1, 5) - (1, 0, 39) - (5, 2, 8) _ ^(-g^)^(-Q2) 



(4.7) 



(3, 0, 13) + (2, 1, 5) - (3, 3, 4) - (5, 2, 8) (p(-g2)^(-Q6) ' 
Proof. We start by proving (4.4). Using Theorem 1.2, we see that 

(4.8) AE{q'^)E{Q^)U{l, 39)i7(l, 39, q^) = 2(1, 0, 39) + T5(l, 0, 39) = 2(1, 0, 39) + 2(5, 2, 8). 
From the odd-even dissections of the functions G{q) and H{q), i.e. (2.10), we have 

E{P)E%\ ^^^' = ^''^ + + + (i'^UiZ^, 4, -9^). 

From (2.6) wo get 

(4.9) ^(<?'X<Z-^) = ^{q^lviq'') + 4(z'^+Xg«'Xg«^) + 2r/V(<j4'^)^(g8^) + 2q^ ^{q^-^)i,{q^^). 

Examining (4.2) and (4.9), we observe that the even part of (1, 0, 39) is (1, 1, 10, q"^). From (4.1) and 
(4.3), we immediately see that the even part of (5,2,8) is (1, 1, 10, g''^). Therefore, by equating the 
even parts in both sides of (4.8), we conclude that 

2E{q^)E{Q^^) ([/(I, 39, q^^) + (?«C/(1, 39, -q")) (7(1, 39, q") = (1, 1, 10, /) + (2, 1, 5, q"). 

Next, we replace by q and use (4.8) to arrive at (4.4). To prove (4.5), we use Theorem 1.3 and 

start with the identity 

(4.10) Aq^E{q^)E{Q'^)U{?,, 13)C/(3, 13, q^) = 2(3, 0, 13) - r5(3, 0, 13) = 2(3, 0, 13) - 2(5, 2, 8). 

By looking at tlic even parts in both sides of this equation and arguing as before, we arrive at (4.4). 
Ramanujan observed that [4, Entry 3.19] 

(4.11) £(g)£(Q3)?7(l, 39) = E{q^)E{Q)U{?,, 13). 

By (4.4), (4.5), and (4.11), and using some elementary product manipulations, we deduce (4.7). 
Similarly, (4.6) follows from (4.8), (4.10), and (4.11). □ 

Remark. It can be easily verified by appealing to theory of modular forms that 

2E{q^)E{Q)U{l, 39) = (1, 1, 10) + (2, 1, 5) 

and 

2q^E{ci)E{Q^)U{:i, 13) - (2, 1, 5) - (3, 3, 4). 
It is also easy to prove (see, for example, the proof of (4.23)) that 

2qE{q)E{Q'^)U{l, 39) = 2(7£(g3)£(Q)J7(3, 13) = (1, 1, 10) - (3, 3, 4). 
From these last three equations we easily observe that 



(2, 1, 5) - (3, 3, 4) (2, 1, 5) - (3, 3, 4) _ (1, 1, 10) - (3, 3, 4) _ E(ci)E(.Q 



3^ 



(1,1, 10) + (2, 1,5) (1,1, 10) -(3, 3, 4) (1,1, 10) + (2, 1,5) '^E{q')E{Q)' 

Next, we treat identities involving the quadratic forms (2,1,44), (8,1,11), (4,1,22), (10,7,10), 
(5, 3, 18), (1, 1, 88), and (9, 3, 10) of discriminant -351. 



8 ALEXANDER BERKOVICH AND HAMZA YESILYURT 

Theorem 4.2. The following five facts are true (with Q := q^^): 

(4.12) (2, 1, 44) - (8, 1, 11) = 2q^E{q')E{Q^), 

(4.13) (5, 3, 18) - (8, 1, 11) = 2g5iJ(q3)iJ(Q9), 

(4.14) (4, 1, 22) - (10, 7, 10) = 2q^E{q^)E{Q^)U{3, 13, q^'f, 

(4.15) (1, 1, 88) - (9, 3, 10) = 2qE{q^)E{Q^)U{l, 39, 5^)2, 

^4 (4, 1,22) -(10, 7, 10) ^ (5, 3, 18) -(8, 1,11) ^ ^3 E{q^)E{Q^) 



(1,1, 88) -(9, 3, 10) (2, 1,44) -(8, 1,11) ^E{q^)E{Q3)- 
Proof. Using (2.15) and (2.11), we get 

(2, 1, 44) = (44, 1, 2) = i?(0, 0, 0, 0, 1, 351, 1, 4, 88) 

^^■^^^ = ^{q'MQ'') + 2g4V(g)V'(g'') + 4q'''i^{q^mQ''') 

as well as 

(8, 1,11) = (11, 1, 8) = R{0, 0, 0, 0, 1, 351, 1, 16, 22) 

= ^{q'MQ''') + 2q''f{q\ q^)f{Q''\ Q^^^) + 2q'^f{q\ q'')f{Q'^\ Q^™) 

+ 2q''f{q\ q'')f{Q''\ Q^^') + 2g^^V(5')V'(Q^°^) + 2q'''f{q\ q'')f{Q'\ Q''') 

+ 2q'''f{q\ q'')f{Q'\ Q^'^) + 2q''^f{q, q'')f{q'\ g^"^) + Aq''^^^{q'^)^{Q^^% 

We take (4.17) and we expand (f{q'^)(fi{Q^^) by using (2.6) and we similarly expand by 
using (2.7). After this expansion we subtract (4.18) from the expanded (4.17) and arrive at 

(2, 1, 44) - (8, 1, 11) = 2g2V;(,16)^(Q216) _ 2,11;(,7^ ^9)^^(^189^ q243) 

+ 2g4^/(,^ ,i4)/(Qi62^ Q270) _ 2r^(^5^ g")/(Ql■^^ g^^^) 

(4.19) + 2q''y{q\ q'')f{Q''\ Q''') - 2q'''f{q\ g")/(g«i , Q^si) 

+ 2g39V(g^ <?l°)/(Q^^ Q''') - 2q'^'f{q, q'^)f{Q^\ Q^^) 
+ 2q^^M<f)m''^)- 

By (2.11), we have 

R{Q, 1, 0, 1, 9, 39, 1, 3, 16) = 2q^E{q^)E{Q^). 

Next, we employ (2.13) and find that i?(0, 1, 0, 1, 9, 39, 1, 3, 16) = i?(l, 0, 1, 0, 1, 351, 9, 16, 27). By 
employing (2.11) one more time we observe that i?(l, 0, 1, 0, 1, 351, 9, 16, 27) equals exactly the right 
side of (4.19), which completes the proof of (4.12). 
We now observe that 

2T5(2, 1, 44) = (9, 3, 10) + (10, 7, 10) and 2r5(8, 1, 11) = (4, 1, 22) + (9, 3, 10). 

Therefore, by (4.12), we find that 

T^(2q^E{q'')E{Q^)) = (10, 7, 10) - (4, 1, 22), 

from which by way of (1.3) we immediately arrive at (4.14). 

The proofs of (4.13) and (4.15) go along the same lines as the proofs of (4.12) and (4.14), respec- 
tively, so we omit them. In fact one can go from one identity to the other via the map r i->- — 351/t. 

Finally, (4.16) follows from (4.11). □ 

Remark. By a straightforward but quite lengthy argument one can eliminate q^ from either (4.13) or 
(4.15), resulting in 

(4 20) W)E{Q)Ui:iM)f = {E{q)E{Q^)U{l,i%)f 

= <pi-q''M-Q^M-QM-q^) - qM-Q^M-QX-Qm-Q% 
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Prom (4.20) we may then deduce the following identity which is similar to those found by Ramanujan: 



The next theorem concerns relations for the quadratic forms (1, 1, 18), (2, 1, 9), (4, 3, 5), and (3, 1, 6) 
of discriminant —71. Here we now set Q := q^^. 

Theorem 4.3. The following five facts are true (with Q := q"^^): 

(4.21) 2q^E{q)E{Q) = (3, 1, 6) - (4, 3, 5), 

(4.22) 2qE{q)E{Q)U{l, 7lf = (3, 1, 6) - (4, 3, 5) - (2, 1, 9) + (1, 1, 18), 

(4.23) 2q^Eiq)EiQ)U{l, 71) = (2, 1, 9) - (3, 1, 6), 

1 



(4.24) 2qU{l, 71, q') = -2q^ + x{q)x{Q) - x{-<l)x{-Q) - 2q' 



x{-<f)x{-Q^y 



(4.25) ((3, 1, 6) - (4, 3, 5) - (2, 1, 9) + (1, 1, 18)) ((3, 1, 6) - (4, 3, 5)) = ((2, 1, 9) - (3, 1, 6))' . 

Proof. The proof of (4.21) is similar to that of (4.12) so we omit the details. 
The identity (4.22) follows from (1.3) once we observe that 

T5(3,l,6) = (4,3,5) + (2,l,9) and r5(4, 3, 5) = (3, 1, 6) + (1, 1, 18). 
Using (2.11) and (2.8), we get 

i?(0, 1, 0, 1, 1, 71, 3, 5, 16) = 2q^f{-q, -q^)f{-Q^ -Q3) - 2giV(-3', -<f)f{-Q, -Q") 

= 2q^E{q)E{Q)U{l,ll). 
From (2.13) and (2.11), we also find that 
E(0, 1,0, 1,1,71,3,5,16) 

= i?(l, 0,1, 0,1, 71, 3, 16,5) 
(4.27) = 2g2^(gi6)^(g«) - 2q^f{q\ q^')f{Q\ Q'') + 2q^f{q^, q'')f{Q'\ Q'°) 

- 2q^y{q\ q^)f{Q\ Q") + 2(?36^(g4)^(g4) _ 2^57_^(^^ q^^)f{Q\ Q^^) 

+ 2q''f{q', q'')f{Q\ Q'') - 2g^°V(9^ q'')f{Q, Q'') + 2q'^^^{q^)^{Q'% 
By (2.15) and (2.11), we have 

(2, 1, 9) = (9, 2, 1) = i?(0, 0, 0, 0, 1, 71, 1, 4, 18) 
^^■^^^ = ^{q^MQ'') + 2q^mm) + W(?^)V'(Q^)- 

Prom (2.15), (2.13), and (2.11), we deduce that 
(3, 1, 6) = R{0, 0, 0, 0, 1, 71, 1, 12, 6) 
= ii(0, 0,0, 0,1, 71, -5, 16, 6) 
(4.29) = 'Piq^MQ^) + 2q^f{q\ q^^)f{Q\ Q^) + 2q^^f{q\ q^^)f{Q\ Q^") 

+ 2q^^f{q\ q')f{Q^ Q") + 2q^^i:{q^)^{Q*) + 2q^' f{q, q^^)f{Q\ Q^^) 

+ 2q'°f{q', q'')f{Q\ Q") + 2q^^^f{q\ q^^)f{Q, Q^^) + 4q'^^i;{q'<^)i;{Q'% 

We then take (4.28), expand (fi{q'^)(p{Q^'^) as per (2.6) and expand ip{q)ip{Q'^'^) as per (2.7), and then 
subtract (4.29) to obtain the right-hand side of (4.27). Then by (4.27) and (4.26), the proof of (4.23) 
is complete. 
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Next observe that by (2.15) and (2.11) we have 
(4,3,5) = (5,4,3) 

= i?(0,0,0,0, 1,71,3,8, 10) 

= ^{q'MQ') + 2gV(9, <?')/(Q^ Q^) + 2q^^i,{q^)i;{Q^) 

+ 2g«/(g3, g5)/(g, Q') + W(<z')V^(g') 
= {v{q)v{Q) + vi-qM-Q)) /2 + 2gi«v.((72)v,(Q2) 

+ 2gV(9, /)./(Q'. Q') + 2^/(g^ g'^)/(Q, g'), 
where in the last step we used (4.9). We then replace q by q^ and use (2.7) to conclude that 

2(4, 3, 5, g2) = ^(g2)^(Q2) + ^(_g2)^(_Q2) ^ 4^36^^^4)^(q4) 

+ 2gV(g)V'(0)-2(7V(-g)^(-Q). 

In (4.28), we use (4.9), then we replace q by q^ and subtract (4.30) from the resulting identity to 
obtain 

2(2, 1, 9, q^) - 2(4, 3, 5, q^) = v{q)v{Q) + v{-qM-Q) + ^q'^'^Piq^MQ^) 

- <p{q'MQ') - vi-qWi-Q) - ^q'^^iq^MQ^) 

- 2(?V(g)V7(g) + 2gVX-'?)VX-Q). 
From the identities established in [2, pp. 448-9] it now follows that 

(4.31) (2, 1, 9, q') - (4, 3, 5. <?') = q'E{-q)E{^Q) - q'E{q)E{Q) - 2q''E{q^)E{Q^). 

By (4.21) and (4.23), with q replaced by q^ in each, and by (4.31), wc conclude that 

2q'E{q^)E{Q^)U{l, 71, q') = q^E{-q)E{-Q) - q^E{q)E{Q) - 2q'^E{q')E{Q^) - 2q'E{q')E{Q^), 

which is clearly equivalent to (4.24). 

Lastly, the identity (4.25) follows trivially from (4.21)-(4.23). □ 

Remark. Ramanujan almost always expressed the function U{r, s) in terms of the function xio) at 
related arguments, but he did not have an identity for the modulus 71. 

The following identity is for the quadratic forms of discriminant —56. This identity was stated in 
[1, p. 25] without a proof. Note that we now set Q := q^. 

Theorem 4.4. Let Q := q' . Then, 

(1,0, 14) -(3, 2, 5) _ E\Q^)EHq^) 
^ • ^ (2, 0,7) + (3, 2, 5) E\Q^)E^{q^y 

Proof. From (1.2) we have 

(4.33) AqE{q^)E{Q'')U{l, 56)C/(4, 14) = 2(1, 0, 14) - T5(l, 0, 14) = 2(1, 0, 14) - 2(3, 2, 5). 
Employing (1.3), we also find that 

(4.34) AE{q'^)E{Q^)U{2, 28)t/(7, 8) = 2(2, 0, 7) + T^(2, 0, 7) = 2(2, 0, 7) + 2(3, 2, 5). 
Ramanujan observed that [12] 

(7(1,14) E^{q')EHC^) 



(4.35) 

From [3, Th. 1.2] we get 
(4.36) 



C/(2,7) E^{q)E^Q^)' 
C/(l,56) E{q'')E{Q^) 



U{7,8) E{q^)E{Q^y 

The identity (4.32) now follows from (4.33)-(4.36), where (4.35) is used with q replaced by q^. □ 
The next identity concerns quadratic forms of discriminant —224. 
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Theorem 4.5. Let Q := q' . Then, 

(l,0.3(i)-i3.4.12) _ E{q^-)E(Cr) 
^ ' (7, 0,8) + (3, 2, 19) '^E{q^)E{Q^y 

Proof. The proof of (4.37) is very similar to that of (4.32), so we omit the details. Identities similar 
to (4.33) and (4.34) are established for U{l,56)U{l,56,q^) and U{7,8)U{7,8,q^) by using (1.3) and 
(1.2), and then the identity (4.35) is used twice with q replaced by q'^ in its second application. □ 

By using Ramanujan's identities [6] 
(A ^(1^54) _ E{q^^)E{q^^)E{q^)Eiq^) t/(l,34) _ xj-q'') , . _ .... 

and his other identities [5] 

U{1,66) _ E{q^^)Eiq^) U{3,22) _ E{q^)E{q^^) 

^ ' C/(2,33) E{q^^)E{q^) U{6,11) E{q)E{q^^) ' 

and by following exactly the same arguments as in the previous proof, we can easily establish the 
following identities, in corresponding order to the identities in (4.38) and (4.39), involving quadratic 
forms of discriminants —216, —136, —104, and —264. 

Theorem 4.6. The following five facts are true : 

(2, 0,27) -(7.0,9) _ ^W[-'l)^'{-'h^A-'h^A-'f^) 



(1,0, 54) + (5, 2, 11) £;(53)£;(g72)^(_^2)^(_g27) ' 

(2, 0,17) -(5, 2, 7) _ 2 y(-g')^(g^') 
(1,0, 34) + (5, 2, 7) * ^(-g68)^(q)' 

(1, 0, 26) - (5, 4. 6) _ E{q^)E{q^^) 
(2,0,13) + (3,2,9) "'^i?(q4)iJ(526)' 

(6,0, 11) -(7,4, 10) _ g i;(gi^)g(g^2)V.(-g)V.(-g66) 
(3, 0,22) + (5, 4, 14) ^ E{q^)E{q^)E{q^^)E{q^^) ' 

(1,0,66)- (5,4,14) _ E{q^'^^)E{q^^)Eiq^*)E{q^^)E{q'^)E{q^) 
(2, 0,33) + (7, 4, 10) ~ E{q»^)E{q^^)E{q^-^)E{q^'^)E{q'^)E{q^) ' 

The following relations are for quadratic forms of discriminant —1664. Here we set Q := q^^ 

Theorem 4.7. The following facts are true (with Q := q^^): 

(4.40) 2q^E{q^^)E{Q^)U{2, 13, q^) = (3, 2, 139) - (12, 4, 35), 

(4.41) 2q'E{q^)E{Q'^)U{l, 26, q^) = (7, 4, 60) - (15, 4, 28), 

(4.42) 2q^E{q^)E{Q^^) = (9, 8, 48) - (17, 6, 25), 

(4.43) 2g5£;(gi6)£;(Q8) ^ (5^ 4^ _ (20, 4, 21), 

(4.44a) 2q^E{q^)E{Q^^)U{l, 26, q^f = (5, 4, 84) + (21, 10, 21) - (13, 0, 32) - (20, 4, 21) 
(4.44b) = 2q'E{q^<')E{Q^) - 2q^^^{Q^M-q^), 

(4.45a) 2qE{q^^)E{Q^)U{2, 13, q^f = (1,0, 416) + (17, 6, 25) - (4, 4, 105) - (9, 8, 48) 

(4.45b) = 2q^|J{q'M-Q^) - 2q^E{q')E{Q^% 
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(5, 4, 84) + (21, 10, 21) - (13, 0, 32) - (20, 4, 21) _ (9, 8, 48) - (17, 6, 25) 

(4.46) 



(1, 0, 416) + (17, 6, 25) - (4, 4, 105) - (9, 8, 48) (5, 4, 84) - (20, 4, 21) 

(7, 4, 60) -(15, 4, 28) 



(3,2,139)- (12,4,35) 

4 - 



,E{q^)E{Q^^) 



Proof. The derivations of (4.40), (4.41), (4.42), and (4.43) are similar to that of (4.12). The identity 
(4.44a) is obtained from (4.42) by arguing as in the proof of (4.22). This reasoning also applies 
to obtaining (4.45a) from (4.43). The last identity, (4.46), follows from (4.42), (4.43), (4.44a), and 
(4.45a), together with the right-most identity in (4.38) with q replaced by q^. By (4.42), the identity 
(4.45b) reduces to (1,0,416) - (4,4, 105) = 2qtp{q^)ip{-Q^). From (2.15), (2.14), and (2.11), we have 

(4, 4, 105) = (105, 4, 4) 

= i?(0, 0,0, 0,2, 832, 2, 4, 210) 

= i?(0, 0,0, 0,4, 416, 1,2, 210) 

= V{q'MQ^'') + Aq'°'i;{q^)i;{Q''). 

If we apply (2.6) twice, with q replaced by — in the second application, we can conclude that 

(1, 0, 416) - (4, 4, 105) = ^{qMQ''^) - ^q^MQ'') ^ 4gi°5^(<j«)V;(Q^^) 

= (^(0^2) _ ^(^4)) _ 4ql05^(g8)^(Q64^ 

= 2#(,«)(^(Q32)_2<,104^(Q64)) 

= 2#(g«)^(-Q«), 

thus proving (4.45b). The proof of (4.44b) is similar and so we skip its details. □ 
Remark. Replacing q^ with q in (4.44b) and (4.45b) yields Ramanujan's identity [5] 



a,I,26) = t;(2,13) = ^^-,i^. 

Next, we obtain relations for the quadratic forms (3,0,7), (1,0,21), (5,4,5), and (2,2,11) of dis- 
criminant —84. Here we set Q := q^. 

Theorem 4.8. The following two facts are true (with Q := g^j; 

(1,0,21) -(5.4.5) ^ E{q^)E{Q^) 



(3, 0,7) + (2, 2, 11) 'Eiq^^)E{Q^y 
(3, 0,7) -(2, 2, 11) _ __2i?(g6)iJ(Q2)^2(_^)^2(_Q3 



^^•^^^ (l!oi21) + (5,4,5) Eiq^)EiQ<^)r{-q'W{-Qy 

Proof In [3], we obtained identities relating the functions ?7(7, 12), f/(4,21), C/(3,28), and f/(l,84). 
While it was not stated there it trivially follows from [3, eqs. 4.2, 1.8, 4.28, 4.50] that 

£7(7,12) _ V'(-g)V'(-g^) 
[/(4,21) V(-<Z3)^(-Q)' 
Also from [3, eqs. 1.5, 1.6, 1.9, 4.39, 4.40, 4.42, 4.51] we find that 

[7(3,28) _ V,(-g)V,(-Q3) 
C/(l,84) V(-9')^(-Q)' 

Together that is 

C/(7,12) [/(3,28) _ ^/^(-9)V(-Q3) 



(4.49) 



t/(4,21) [7(1,84) V(-g3)V'(-Q)' 
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Next, we have the following from (1.2) and (1.3): 

(4.50) AE{q'^)E{Q'')U{i, 7)U{3, 7, q^) = 2(3, 0, 7) + r5(3, 0, 7) = 2(3, 0, 7) + 2(2, 2, 11), 

M'E{q'')E{Q^)U{12, 7)f/(3, 28) = -iq'E{q')E{Q^)U{7, 12)C/(3, 28) 

(4.51) 

^ ^ = 2(3,0, 7) -T5(3, 0,7) = 2(3, 0,7) -2(2, 2, 11), 

(4.52) AqE{q^)E{Q^)U{l, 21)[/(1, 21, q^) = 2(1, 0, 21) - ^{1, 0, 21) = 2(1, 0, 21) - 2(5, 4, 5), 

(4.53) 4E{q'^)E{Q^)U{A, 21)f/(l, 84) = 2(1, 0, 21) + 0, 21) = 2(1, 0, 21) + 2(5, 4, 5). 
Finally, (4.47) and (4.48) follow from (4.49), (4.50)-(4.53), and Ramanujan's identity [5]: 

[/(3,7) = [/(l,21). 

□ 

For our last application, we treat discriminant —76. Here we set Q := q^^ and we provide identities 
similar to those that Ramanujan gave for his functions. 

Theorem 4.9. The following two facts are true (with Q := q^^): 

(4.54) 4f/(l, 19, q)U{l, 19, q^) = Sx{qfx{Qf + x{-qfx{-Qf + 4?' ^ 



(4.55) AqU{l, 19)?7(1, 19, -q) = x{qfx{Qf - x{-q)\{-Qf + 129^ 



1 



xi-q^rxi-Q^r' 

Proof. Using (1.2), we find that 

(4.56) AE{q^)E{Q^)U{l, 19)[/(1, 19, q^) = 2(1, 0, 19) + ^{1, 0, 19) = 2(1, 0, 19) + 2(4, 2, 5), 
and 

(4.57) 4:qE{q^)E{Q^)U{4., 19)U{1, 76) = 2(1, 0, 19) - T5{1, 0, 19) = 2(1, 0, 19) - 2(4, 2, 5). 
From [3] we know that 

(4.58) U{4, 19)f/(l, 76) = U{1, 19, g^). 
Ramanujan observed that [6] 



(4.59) 4gJ7(l,19,g^) 



,2^ _ ^iq)AQ) - A-<i)ri-Q) - V','('r)' '(Q^) 



E{q^)E{Q^) 



(4.60) = xiqfxiQf - xi-qfxi-Qf - ^ 



xi-q'yxi^Q'?' 

By adding the identities in (4.56) and (4.57) and by using (4.58) and (4.60) we arrive at (4.54). From 
(4.59), (4.58), and (4.55), we conclude that 

(4.61) 2(4, 2, 5) = ifiiqMQ) + ip{-qM-Q) + 4gV(<z')V'(Q'). 

If we use (4.61) and equate the even parts in both sides of (4.56), then by arguing as in the proof of 
(4.4), we will arrive at (4.55). □ 
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5. CONCLUSION 

There are similar identities for many other discriminants that can be proved by establishing iden- 
tities for the relevant Roger s-Ramanuj an functions. For example, for quadratic forms of discriminant 
— 111, we find that 

(4, 1,7) -(5, 3, 6) _ (3, 3, 10) -(4, 1,7) _ ^ E{q)E{q^^^) 
^' ' (1, 1, 28) - (4, 1, 7) (2, 1, 14) + (4, 1, 7) ^ E{q^)E{q^^) ' 

Another set of examples is for quadratic forms of discriminant —119: 
..2^ (4, 3, 8) -(6, 5, 6) _ ,E{q)E{q^ 

^ ' (1,1, 30) + (5, 1,6) ^ E{q^)E{q^^) 

(5.3) ((4, 3, 8) - (2, 1, 15)) ((3, 1, 10) - (5, 1, 6)) = ((1, 1, 30) + (5, 1, 6)) ((6, 5, 6) - (5, 1, 6)) . 

There are further identities for quadratic forms not related to Rogers-Ramanujan functions. As an 
example, for quadratic forms of discriminant —80 we have 

(1,0. 20) -(3, 2, 7) ^ Eiq^")E{q^) 
^ ' (3, 2, 7) + (4, 0,5) '^E{q^")E{q^)- 

The identities (5.1) — (5.4), along with similar types of identities, will be discussed elsewhere. 
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